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We derive an effective two-dimensional low-energy theory for thin superconducting films coupled
to a three-dimensional fluctuating electromagnetic field. Using this theory we discuss plasma oscil-
lations, interactions between charges and vortices and extract the energy of a vortex. Having found
that the effective theory properly describes the long distance physics, we then use it to investigate
to what extent the superconducting film is a topologically ordered phase of matter.
PACS numbers:
I. INTRODUCTION
Since the work of Wen [1] it is known that an ordinary fluctuating superconductor is an example of a topologically
ordered phase with characteristic features such as unusual charges, nontrivial braiding statistics and topological ground
state degeneracy on a torus. As behooves a topological phase, the leading term in the low-energy effective action is a
topological field theory[2], and more specifically a BF theory [3].1 Although the BF term is present in any dimension,
the nature of the excitations, which are vortices and quasiparticles, differ. In two spatial dimensions, which will be
the subject of this paper, the vortices are pointlike, and the nontrivial statistical braiding phase is simply the minus
sign that the wave function acquires as a Bogoliubov quasiparticle encircles a vortex.
The effective action for an idealized two-dimensional superconductor, which was derived in [5], contains, in addition
to the BF term LBF = (1/pi)µνσaµ∂νbσ, also Maxwell terms for the two-dimensional gauge fields aµ and bµ. The
starting point there was a relativistic two-dimensional abelian Higgs model coupled to QED3, i.e. two-dimensional (2d)
Maxwell electromagnetism, which clearly does not give a realistic description of a superconducting film. In this paper
we shall consider a more realistic non-relativistic microscopic model where the electromagnetic field extends in three
spatial dimensions. As pointed out in [5], this changes qualitatively the screening properties of the superconducting
state compared to that implied by a two-dimensional electromagnetism. Furthermore, the surface plasmons are not
gapped in this case which means that the nature of the phase, i.e. whether it is topologically ordered, has to be
critically reexamined.
Technically, we proceed by deriving an effective low-energy action for thin, fluctuating superconducting films taking
into account the realistic three-dimensional (3d) electromagnetic interaction among the charged carriers using the
pseudo QED (PQED) approach, which incorporates the effects of 3d electromagnetism in a non-local 2d action [6]. In
a derivative expansion, the leading topological contribution to the effective theory is the BF term, just as in idealized
models coupled to 2d electromagnetism. In this case, however, the gauge PQED action is of the same order. As a
consequence, the screening behaviour in a superconducting film is very different from a pure 2d superconductor. In
particular the Meissner effect, characteristic of superconductivity, is modified and the magnetic field around a vortex
shows a power-law rather than an exponential decay inside a superconducting film as originally found by Pearl [7].
Similarly, electric charges are only screened by a power law, and the braiding phase obtained when moving a charge
around a distant vortex equals the topological value -1 only up to power-law decaying corrections. As opposed to
1 A recent study [4] indicates that the complete topological theory of an s-wave superconductor is not a purely bosonic BF theory, but
also contains elementary fermions that braid trivially with all excitations.
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2the QED3 case, surface plasmons are gapless and disperse as ω ∼
√
k at low momenta, just as in a two-dimensional
metallic film [8]. This raises the question whether, in a 2d film coupled to 3d electromagnetism, there is a sharp
distinction between the superconducting phase and the 2d metal. We address this question first by showing that
the expectation value of the the vortex creation operator vanishes just as in the 2d abelian Higgs model which is
know to be topologically ordered. We then calculate the ground states on a torus to determine to what extent the
superconducting phase can be considered as topologically ordered in spite of being gapless. Our conclusion in this
respect is similar to the one obtained by Bonderson and Nayak in the case of a quantum Hall liquid coupled to 3d
electromagnetism [9].
The paper is organized as follows: In section II we introduce our model and derive the effective low-energy theory.
In section III we extract the source-free equations of motion and analyze solutions describing gapless 2d plasmons.
In section IV we derive the effective interaction between electric and magnetic sources. We get exact results for the
static charge-charge, and vortex-vortex potentials. We also determine the statistical charge-vortex interaction in the
relativistic limit, where the speed of sound equals the speed of light. Section V contains the calculation of the energy
of an isolated vortex, and in section VI we investigate the signatures of topological order in a superconducting film.
In the last section, VII, we give a short summary of the results, present our conclusions concerning topological order
in superconducting films, and make some remarks about possible future extensions of this work.
We will use the notation for the metric ηµν = (+,−,−), ∂2 = ηµν∂µ∂ν = ∂2t −∂2i , and momenta kµ = −i∂µ, k = |k|,
ηµνkµkν = ω
2 − k2. We often set ~ = c = 1.
II. THE EFFECTIVE LOW-ENERGY THEORY
In this section we derive the effective low-energy theory for a thin, fluctuating, superconducting flat film modeled
by a time-dependent 2d Ginzburg-Landau action Sφ =
∫
dtd2rLφ with
Lφ = φ†(i∂t − 2eAt)φ− 1
2m
|(i∇ − 2e
c
A)φ|2 − V (n), (1)
where n = φ†φ is the two-dimensional density of Cooper pairs, and V (n) a potential that fixes the mean value of the
number density to 〈n〉 = n¯. The Cooper pair bosonic field has the electric charge 2e and mass m. Since the aim here
is to describe a thin film, the characteristic length scale is the Pearl length [7], λP which is related to the thickness of
the film d, and the London length in the 3d material λL, as
λP =
2λ2L
d
=
mc2
2e2n¯3d
=
mc2
2e2n¯
, (2)
where n¯3 is the average 3d Cooper pair density.
The charged 2d Cooper pair field, φ(r, t) is coupled to a 3d dynamical electromagnetic potential Aµ(r, z, t). Rather
than using a theory with mixed dimensionality, we shall use the PQED formalism[6], where the effect of 3d electro-
magnetism on 2d matter is captured by the following non-local Lagrangian for the 2d vector potential Aµ(r, t)
LPQED = −1
4
Fµν
2√
∂2
Fµν , (3)
where ∂2 = ∂2t /c
2−∂2i . The vector potential is normalized as in 3d so that e is the dimensionless electric charge (recall
that we set ~ = 1). If the 2d system is embedded in a medium, one must introduce relevant electric and magnetic
susceptibilities in this expression.
To proceed we parametrize the Cooper pair field as,
φ =
√
n eiΘ =
√
n eiθξ (4)
where θ is the regular part of the phase, and ξ is a singular phase factor describing point like vortices, such that the
vortex current is given by jµv =
i
2pi 
µνσ∂ν(ξ
?∂σξ).
The next step is to expand Eq. (1) to quadratic order in the density fluctuation δn = n− n¯ and integrate out δn.
The quadratic terms in the resulting Lagrangian are
Lφ = c
2
λP
[
1
c2s
(
1
2e
∂tθ − 1
e
at +At
)2
−
(
1
2e
∇θ − 1
e
a+
1
c
A
)2]
−Aµjµq , (5)
where we introduced a gauge field aµ = iξ
?∂µξ/2 dual to the vortex current, the speed of sound c
2
s = n¯V
′′(n¯)/m, and
also added a coupling to an external charged current jµq that describes quasiparticles.
3Following Ref. [10], we linearize the quadratic terms in (5) by introducing an auxiliary current three-vector Jµ,
Lφ = − λP
4c2
(
c2sJ
tJt + J
iJi
)
+ J t(
1
2e
∂tθ − 1
e
at +At) + J
i(
1
2e
∇iθ − 1
e
ai +
1
c
Ai)−Aµjµq . (6)
The equation of motion for θ implies the conservation law ∂µJ
µ = 0, so we can parametrize the current as
Jµ =
e
pi
µνρ∂νbρ . (7)
Introducing the electric and magnetic fields, ei = ∂tbi− ∂ibt and b = ij∂ibj , and using jµv = µνρ∂νaρ/pi, the effective
Lagrangian becomes,
Lφ = e
2λP
4pi2c2
(e · e− c2sb2) +
e
pi
(
Atb− 1
c
ijAiej
)− bµjµv −Aµjµq . (8)
In a later section we shall use a relativistic version of this model model, where cs = c = 1, and then the above
expression simplifies to
Lφ,rel = − e
2λP
8pi2c2
fµνf
µν +
e
pi
µνσbµ∂νAσ − bµjµv −Aµjµq , (9)
where fµν = ∂µbν − ∂νbµ. In the absence of a vortex source jµv , it is straightforward to integrate out the auxillary
gauge field bµ and get the effective electromagnetic response Lagrangian,
LA = 1
λP
[
c2
c2s
A2t −A ·A
]
−Aµjµq , (10)
which in the relativistic case simplifies to the usual mass term ∼ AµAµ.
The model that we shall investigate in this paper is the sum of the PQED Lagrangian LPQED in (3) and the matter
Lagrangian given either by Lφ in (8) or LA in (10).
III. PLASMA OSCILLATIONS
Consider first a superconducting film without vortices. In the absence of quasiparticle sources (i.e. jq = 0), LA
reduces to a mass term, and varying LA+LPQED with respect to A0 and Ai we get the following equations of motion
in Fourier space
1√
k2 − ω2/c2
(
k2At − ω
c
k ·A
)
+
c2
λP c2s
At = 0 , (11)
1√
k2 − ω2/c2
(
ω2
c2
A− ω
c
kAt − k2A+ (k ·A)k
)
− 1
λP
A = 0 . (12)
To look for wave solutions, we first consider the possibility of a spatially transverse wave. In this case k ·E = 0 which
implies ck2At = ωk ·A which inserted in (11) gives At = 0. Using this in (12) we get√
k2 − ω
2
c2
+
1
λP
= 0 . (13)
This equation has no solutions.
We now turn to the spatially longitudinal mode. First, we assume ω 6= ck and multiply both (11) and (12) with√−ω2/c2 + k2. Now taking the scalar product of (12) with k, and combining the result with (11), we get the following
dispersion relation for the longitudinal mode,
− ω2 + c2sk2 +
c
λP
√
−ω2 + c2k2 = 0 (14)
with the gapless real solution
ω =

ck k  1λP ,√
2c2
λP
k 1λP  k  c
2
λP c2s
,
csk k  c2λP c2s .
(15)
This result illustrates a general finding that at low momenta the plasmon in a superconductor is gapless and essentially
indistinguishable from a plasmon in a metal [11–13].
4IV. INTERACTIONS BETWEEN VORTICES AND CHARGES
In this section we consider the interaction between the excitations: quasielectrons and vortices. We shall in turn
treat the three cases, quasielectron - quasielectron, vortex - vortex, and quasieletron - vortex. The first two have a non-
trivial static limit, while the third is a velocity dependent charge - current interaction. Since our theory is quadratic
in the gauge fields Aµ and bµ, we can integrate these fields out and compute the current-current interactions between
the excitations. The algebra simplifies considerably in the relativist limit cs = c = 1 and we shall work in this regime
in the following. Notice that for the static regime, where ω = 0, this yields the exact result and we will assume that
it gives qualitatively correct results also for the charge - current interaction.
By varying the Lagrangian Lrel = Lφ,rel +LPQED with respect to bµ and Aµ, we get in the Lorenz gauge (∂µAµ =
∂µbµ = 0) in Fourier space (
2
√
k2 − ω2ηµν ipi µσνkσ,
i
pi 
µσνkσ γ(k
2 − ω2)ηµν
)(
Aν
bν
)
=
(
jµq
jµv
)
, (16)
where we introduced γ = λP /(2pi
2) and for simplicity set e = 1. We now invert the matrix and get(
Aµ
bµ
)
=
1√
k2 − ω2 + σ
(
ηµν
2 − i2pi µρνk
ρ
γ(k2−ω2)
− i2pi µρνk
ρ
γ(k2−ω2)
ηµν
γ
√
k2−ω2
)(
jνq
jνv
)
, (17)
where σ−1 = λP . By substituting this solution into the Lagrangian Lrel we finally obtain the action
Srel = −1
2
∫
dω
2pi
d2k
(2pi)2
(
jµq j
µ
v
)
−ω,−k
1√
k2 − ω2 + σ
(
ηµν
2 − i2pi µρνk
ρ
γ(k2−ω2)
− i2pi µρνk
ρ
γ(k2−ω2)
ηµν
γ
√
k2−ω2
)(
jνq
jνv
)
ω,k
. (18)
1. Charge - charge interaction
By taking ω = 0 in the diagonal terms, we can read off the static potentials. For the charge - charge interaction we
have
Vq(k) =
1
2
1
k + σ
(19)
which in position space is
Vq(r) =
1
2
∫
d2k
(2pi)2
exp(ik · r)
k + σ
=
1
2
∫ ∞
0
dk
2pi
kJ0(kr)
k + σ
. (20)
This integral can be performed analytically, see for example appendix of [14]. At short distances σr  1, the potential
diverges as Vq ∼ r−1, while at large distances σr  1 one finds Vq ∼ r−3. Contrary to a bulk three-dimensional
superconductor, where due to the Higgs mechanism charges are screened exponentially, in a superconducting film
screening is less effective and falls as a power law at large distances.
2. Vortex - vortex interaction
Similarly, in the static limit the vortex - vortex interaction is given by
Vv(k) =
1
γk(k + σ)
(21)
which in position space translates into
Vv(r) =
∫
d2k
(2pi)2
exp(ik · r)
γk(k + σ)
=
∫ ∞
0
dk
2pi
J0(kr)
γ(k + σ)
. (22)
This integral can also be evaluated analytically[15]. At short distances the potential is logarithmic Vv ∼ log(1/r),
while at large distances it decays as a power law Vv ∼ 1/r. This result goes back to Pearl [7], who was the first to
5study vortex-vortex interaction in thin superconducting films. We observe that the Pearl length λP separates the
logarithmic short-distance behavior of the potential from the power-law decay at large distances. For completeness,
we also give the magnetic field far away from a single vortex,
B(r) −−−→
r→∞
φ0
2pi
λP
r3
, (23)
where r is the distance from the center of the vortex and φ0 = 2pi~c/2e is the superconducting flux quantum, which
in the units used in this section is φ0 = pi. The result (23) is in agreement with what is obtained in Ref. 16.
3. Vortex - charge interaction
Finally, we discuss the statistical vortex-charge interaction that gives the mutual statistics between vortices and
charges. The relevant quantity is the expectation value of two non-intersecting Wilson loops giving the space-time
histories of a quasiparticle and a vortex,
〈Wq[C1]Wv[C2]〉 = exp[i
∮
C1
dxµ
∮
C2
dyνG
µν
qv (x− y)], (24)
where the pertinent Greens function is the Fourier transform of the Euclidean version of the off-diagonal element in
(18),
Gµνqv (x) = −
1
2pi
∫
d3p
(2pi)3
eipx
p+ σ
µνρpρ
γp2
. (25)
Here we introduced the Euclidean 3-momentum pµ and p =
√
p20 + p
2
i . A direct calculation gives,
Gµνqv (x) =
µνρxρ
4|x|3
[
1 +
1
pi
C(σr)
]
, (26)
where C(x) = 2x2J ′(x) with
J(x) =
1
x
∫ ∞
0
dy
sin(y)
y + x
which can be evaluated analytically. The first term in the parenthesis in (26) gives,
〈Wq[C1]Wv[C2]〉 = eipiL[C1,C2] (27)
where the linking number L[C1, C2] is a topological invariant which counts the number of times the particle encircles
the vortex, and thus correctly gives their mutual pi-statistics. The second term gives a correction to this phase, but
since limx→∞ C(x) = −4/x this correction is negliable for large loops that, although linked, never come close together.
This shows that the braiding statistics of quasiparticles and vortices is only defined up to power-law corrections in
thin films that are described by the PQED-Higgs model. In contrast, if we were to take a 2d Maxwell term, instead
of the PQED Lagarangian, we would get an exponentially suppressed correction to the pi phase [17].
V. VORTEX ENERGY
In the subsequent discussion of the nature of the superconducting phase, the energy gap to topologically non-trivial
excitation, i.e. vortices, will be of importance. In this section we calculate the energy of a single vortex from the 2d
relativistic model Lrel = Lφ,rel + LPQED.
Since the PQED Lagrangian is nonlocal in time, we shall not attempt to derive a Hamiltonian using canonical
methods, but rather obtain the energy-momentum tensor by varying the action with respect to the metric tensor. A
direct calculation gives
TPQEDµν = −Fµα
2√
∂2
Fαν +
1
4
ηµνFαβ
2√
∂2
Fαβ − 1
2
Fαβ
∂µ∂ν
∂3/2
Fαβ . (28)
6For a static configuration we get (in an obvious notation),
TPQED00 = EA ·
1√−∇2EA +BA ·
1√−∇2BA. (29)
The topological bdA does not depend on the metric and thus gives no contribution to Tµν . The Maxwell term for the
bµ potential gives (in units c = e = 1)
Tφ00 =
λP
4pi2
Eb ·Eb. (30)
The total energy density is T00 = T
PQED
00 + T
φ
00.
Taking now a static point vortex, Eq. (17) immediately gives the momentum space expressions,
BA(k) =
1
2piγ
1
k + σ
, (31)
Eb(k) =
i
γ
k
k(k + σ)
. (32)
The vortex energy is now obtained by substituting this into the above expressions for T00 and integrating over the
two-dimensional film in Fourier space
Ev =
∫
d2k
(2pi)2
(
BA(k)
1
k
BA(k) +
λP
4pi2
Eb(k) ·Eb(−k)
)
=
pi
2
1
λP
∫ λP /ξ
0
dp
1 + p
=
pi
2
1
λP
ln
(
1 +
λP
ξ
)
,
(33)
where we introduced a short-distance cutoff ξ that has a natural interpretation as a correlation length. Restoring the
charge e, this expression for the energy is precisely the one given in Ref. 18 (notice that our λP differ by a factor
8pi from the parameter λeff in this reference). From this result, and that in section III, we see that not only static
correlation functions, but also energetics and collective dynamics is captured correctly by our effective 2d theory.
VI. SIGNATURES OF TOPOLOGICAL ORDER
As discussed in some detail in Ref. 5, a fluctuating superconductor is topologically ordered and cannot be charac-
terized by a non-zero expectation value of a local gauge-invariant order parameter; note that the Cooper pair field φ
is not gauge-invariant and by Elitzur theorem averages to zero in a fluctuating superconductor.2 To decide whether
the thin superconducting film discussed in this paper is topologically ordered, we must therefore use signatures that
directly probe the phase structure without assuming the existence of a local order parameter. With this in mind, we
shall in this section first use the formalism introduced by ’t Hooft to classify the phases of gauge theories and then
discuss the ground state degeneracy on higher genus surfaces.
A. The vortex operator and its correlators
In Ref. [19] ’t Hooft showed that the phases of a gauge theory in three space-time dimensions are characterized by
the ground state expectation values of a pair of operators, AC and µ(x). The operator AC is the Wilson loop defined
on the closed curve C, while µ is a local operator that implements aa gauge transformation that is is singular at the
point x. These operators satisfy the equal time commutation relations
µ(x, t)AC(t) = eipiw[C,x]AC(t)µ(x, t) , (34)
2 This does of course not mean that a superconductor is defined only by its topological properties. On the contrary, the most significant
characteristics are related to transport and screening, and of particular importance is the Meissner effect, that clearly distinguishes a
superconductor from a metal. In 3d superconductors, the Meissner effect means that applied magnetic fields penetrate a superconductor
only over a distance of the London length, λL. In the 2d toy model with a 2d Maxwell term, the situation is the same. All these
characteristics are however exhibited also by a non-fluctuating superconductor where the kinetic term ∼ E2 for the electromagnetic field
is ignored, implying a description as a charged superfluid with a spontaneously broken U(1) symmetry.
7where w[C,x] the winding number which counts how many times the curve C winds around the point x. A two-
dimensional gauge theory admits several possible phases: In the confining phase, 〈µ〉 6= 0 and 〈AC〉 = exp(−σA(C)),
where A(C) is the area of the loop C. In the Higgs, i.e. superconducting, phase 〈µ〉 6= 0 while 〈AC〉 = exp(−γL(C)),
with L is the length of the loop. The third possibility is a gapless Coulomb phase with both µ 6= 0 and a perimeter
law for the Wilson loop. As shown by Polyakov, (2+1)D compact QED is confining [20] and, as already discussed,
the (2+1) abelian Higgs model is in a Higgs phase.
To determine which phase describes the PQED-Higgs model we shall calculate 〈µ〉 using the vortex quantization
techniques developed in Refs. [21–23] (early studies on vortex quantization can also be found in Refs. [24–29], and for
a detailed review, see [30]). We first show how to define a vortex creation operator, and then calculate its two-point
function from which we can extract 〈µ〉.
1. The vortex creation operator
We define an operator that, when acting on the vacuum, creates eigenstates of the magnetic flux operator
Φˆ =
∫
d2xjˆ0v =
∫
d2xij∂iAˆj , (35)
where Aˆ is the electromagnetic quantum field; in the rest of this section we shall suppress the hats for ease of notation.
After introducing the quantum vortex creation operator µ(x, t), we have
Φ|µ〉 = Φ
[
µ(x, t)|0〉
]
= φ0|µ〉 , (36)
An operator with the above property is [22]
µ(x, t) = exp
{
iφ0
∫ ∞
x,L
dziijΠj(z, t)
}
, (37)
where φ0 is the superconductor flux quantum, L is a contour that starts at the point x and goes to infinity, and
Πi = ∂L/∂A˙i is the momentum canonically conjugate to Ai, satisfying the canonical commutation relation
[Ai(x, t),Πj(y, t)] = iδijδ2(x− y) . (38)
One can show [22] that
µ(x, t)Ai(y, t) =
[
Ai(y, t) +
φ0
2pi
∂i(y) arg(y− x)
]
µ(x, t) . (39)
It can be also shown that for the total phase Θ and the Cooper pair field φ defined in section II, one gets
µ(x, t)Θ(y, t) =
[
Θ(y, t) +
φ0
2pi
arg(y− x)
]
µ(x, t) , (40)
and
µ(x, t)φ(y, t) = exp
{
i
φ0
2pi
arg(y− x)
}
φ(y, t)µ(x, t). (41)
Applying the operation
∮
C
dy · ∇y on both sides of (40) and noting that the regular part θ of the total phase Θ
does not contribute to the integral, we get
[µ(x, t),
∮
C
dy · a(y, t)] = φ0
2pi
∮
C
dy · ∇ arg(y− x)µ(x, t) ≡ φ0 w[C,x] µ(x, t) (42)
where we recalled that a(x, t) =∇Θ(x, t) and
w[C,x] =
1
2pi
∮
C
dy · ∇ arg(y− x) (43)
is the winding number which counts how many times the curve C winds around the point x. We now introduce the
’t Hooft operator,
AC(t) = exp
{
ie
∮
C
dy · a(x, t)
}
, (44)
and using the commutator (42) along with the Baker-Hausdorff formula for A−1C µAC , we finally get the t’ Hooft
commutation relation (34).
82. The vortex two-point function
In this subsection we calculate the two-point Euclidean vortex correlation function from which we can extract 〈µ〉.
General vortex correlation functions can be obtained directly from the expression (37), or, alternatively, by treating
the vortex operator as a disorder variable, in the sense of Kadanoff and Ceva [22, 23, 31].
For a general theory with an action depending on a U(1) field strength tensor Fµν , the following vortex two-point
correlation function was derived in Refs. 22 and 23
〈µ(x)µ†(y)〉 = Z−10
∫
DAµ exp
{
−S
[
Fµν + B˜µν
]}
, (45)
where we used the shorthand notation x ≡ (x, x0) etc. for the position in Euclidean spacetime, and where the external
field B˜µν is given by
B˜µν(z;x, y) = φ0
∫ y
x,L
µναδ3(z − ξ)dξα . (46)
In this expression, L is an arbitrary curve connecting the points x and y in Euclidean space-time. It can be shown
that the above correlation function is L-independent [30], despite the explicit dependence of the external field (46) on
L.
In Lorenz gauge, the effective action obtained from the relativistic theory derived in section II is,
S =
1
4
∫
d3xFµν
[M + 2(−)1/2
(−)
]
Fµν , (47)
where  is the Laplace operator in Euclidean spacetime and M ≡ 2/λP has dimension of inverse length. Substituting
(47) into (45) to get,
〈µ(x)µ†(y)〉 = Z−10
∫
DAµ exp
{
−1
4
∫
d3x
[
Fµν + B˜µν
] [M + 2(−)1/2
(−)
] [
Fµν + B˜µν
]}
, (48)
and then performing the functional integral over Aµ, we obtain
〈µ(x)µ†(y)〉 = exp
{
Λ(x, y;L)− 1
4
∫
d3zB˜µν
[
M + 2(−)1/2
(−)
]
B˜µν
}
.
(49)
where Λ(x, y;L) is
Λ(x, y;L) =
1
8
∫
d3zd3z′B˜µν(z)B˜αβ(z′)Pµνλ P
αβ
ρ
[
M + 2(−)1/2
(−)
]
Dλρ(z − z′)
[
M + 2(−)1/2
(−)
]
,
(50)
with Pµνλ = ∂
µδνλ − ∂νδµλ and Dλρ(z − z′) the gauge field propagator, given by
Dλρ =
δλρ[
M + 2(−)1/2] + gauge terms . (51)
Inserting (51) in (50),[
M + 2(−)1/2
(−)
]
×
[
1
M + 2(−)1/2
]
×
[
M + 2(−)1/2
(−)
]
=
[
2
(−)3/2 +
M
(−)2
]
(52)
and using the inverse Fourier transforms
F−1
[
1
(k2)3/2
]
= lim
m→0
K0(m|x|)
2pi2
= − 1
2pi2
(
ln
m|x|
2
+ γE
)
,
F−1
[
1
k4
]
= lim
m→0
e−m|x|
8pim
=
1
8pi
(
1
m
− |x|
)
, (53)
9where m is an U(1) breaking infrared mass regulator, (52) gives the position space expression[
2
(−)3/2 +
M
(−)2
]
→ F (x− y) = lim
m→0
[
− 1
pi2
(
ln
m|x− y|
2
+ γE
)
+
M
8pi
(
1
m
− |x− y|
)]
.
(54)
Inserting (54) and (46) in (50) and substituting the result in (49), one finds that the second term in (49) is cancelled,
and we are left with the L-independent term (for a detailed derivation in a closely related problem, see [30, 32])
〈µ(x)µ†(y)〉 = exp [φ20 {F (x− y)− F ()}] = ν|x− y|ν exp {−M|x− y|} , (55)
where  is a short-distance cutoff, and where M = Mφ208pi , and ν = φ
2
0
pi2 . Note that this correlation function does not
depend on the IR cutoff m. The short-distance cutoff  can be absorbed by introducing the renormalized vortex
creation operator
µR(x) ≡ µ(x)−ν/2.
In terms of this operator, we finally get
〈µR(x)µ†R(y)〉 =
1
|x− y|ν exp {−M|x− y|} . (56)
This should be compared with the corresponding result for the 2d abelian Higgs model with the Maxwell term. In
the Higgs phase one finds [30, 32]
〈µR(x)µ†R(y)〉AHM = exp
{
−M˜|x− y|+ γ|x− y|
}
, (57)
which again decays exponentially at large distances, and differs essentially from (56) only at short distances, and in
both cases we have 〈µ〉 = 0. Note the difference with the results in Section IV, where we saw that the large distance
screening of both electric and magnetic fields differed qualitatively in the Higgs phases of QED and PQED, with only
the former showing exponential screening.
We end this section with three remarks:
i) From (56) it is natural to interpret M = φ20/(4piλP ) as the vortex mass, and it is pertinent to ask how this is
compatible with the result (33) which was also derived from a relativistic model. We notice that the logarithmic
dependence on correlation length is absent. One should however remember that the operator µ was constructed as
to create a local topological charge eigenstate, which from the outset does not depend on any length scale. Although
the original Ginzburg-Landau model has stable mean field solutions describing vortices, this is not necessarily true
for the pure gauge model LA + LPQED where the only scale is λP . To find such solutions one must introduce a
vortex source as in V. It is an open question if and how one could retain the information about the correlation length
in the pure gauge theory description of the matter sector.
ii) It is not hard to show that the dependence on the infrared regulator m cancels in any correlation function with
zero total vorticity, while it remains in those with non-zero vorticity. The latter vanish as the U(1) invariance is
retained in the m→ 0 limit. For example
〈µR(x)µR(y)〉 = exp
[
φ20 {−F (x− y)− F ()}
] ∝ lim
m→0
mνe−
M
m → 0 .
iii) In the unbroken phase, where the superconducting condensate density vanishes, the vortex correlation function
for the abelian Higgs model was given in Ref. [30, 32],
〈µR(x)µ†R(y)〉AHM = exp
{
γ
|x− y|
}
−→
|x−y|→∞
1 , (58)
This implies 〈0|µ〉 = 1, which means the vortex operator actually does not create any genuine excitations, because
these should be orthogonal to the vacuum. This is consistent with the description of the vacuum of the unbroken
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phase as a vortex condensate with 〈µ〉 6= 0. It is interesting that the behavior of the correlator is qualitatively different
in PQED. Taking M → 0 in (56) yields
〈µR(x)µ†R(y)〉 =
1
|x− y|ν −→|x−y|→∞ 0 . (59)
This corresponds to a “soft” phase where M = 0 but also 〈µ(x)〉 = 0, see Ref. [33]. The vortex two-point correlation
function would in this case have a power-law decay, in accordance with (59), so the quantum vortex excitations
are gapless. Interestingly, this is not a conventional gapless phase, since for arbitrary values of ν, there is a cut in
the propagator, rather than a pole; a behaviour which is reminiscent of that in the 2D Tomonaga-Luttinger model
[34, 35]. This is of course not a description of a metallic film since it assumes the existence of an, admittedly strongly
fluctuating, pairing field. It could possibly describe a thin film in a pseudogap phase of preformed Cooper pairs.
B. Ground state degeneracy on a torus
One of the hallmarks of topological order is the ground state degeneracy on surfaces with non-zero genus. For a
superconductor with two-dimensional electromagnetism that is described by a pure BF theory, there are four ground
states on a torus T 2, corresponding to the four possible ways of inserting Z2 fluxes for the statistical gauge fields A
and b [5]. Here we investigate the ground state degeneracy problem of a two-dimensional superconductor coupled to
electromagnetism that lives in three dimensions. Before getting into technical details we notice that there are different
ways how one can set-up the problem and embed a two-dimensional torus T 2 into a three-dimensional torus T 3. In
Fig. 1 we plot a flat and curved T 2 embedded into T 3. In the following we will only consider the flat embedding
(Fig. 1 a) because in this case adding Z2 magnetic fluxes costs no bulk energy. In contrast, in the case of the curved
torus (Fig. 1 b) an insertion of a Z2 flux comes with a finite 3d bulk energy cost, which necessarily lifts the ground
states degeneracy. Here we analyze the problem using two approaches: In the first we closely follow the work in Ref.
[9] on quantum Hall liquids coupled to three-dimensional electromagnetism, and in the second we attempt to use the
PQED formalism developed in the earlier sections.
FIG. 1: (a) Flat and (b) curved embeddings of T 2 into T 3.
1. Bonderson-Nayak method
Consider a spacial 3-torus with size L in the xy-plane defined by the superconducting film, and Lz in the third
direction. We take the Lagrangian as the sum of the 2d relativistic Lagrangian Lφ,rel in (9) and the usual three-
dimensional Maxwell term,
L = −e
2λP
8pi2
∫
d2r fµνf
µν +
e
pi
∫
d2r µνσbµ∂νAσ − 1
4
∫
d3r FMNF
MN , (60)
where µ, ν = t, x, y and M,N = t, x, y, z. FMN is the field strength corresponding to the vector potential AM . In
general, the presence of the superconducting film breaks translational invariance in the z-direction, but in the ground
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state both the charge density and the charge current vanish which effectively restores the translation invariance along
z axis. Now we Fourier decompose the gauge potentials as
bµ(r, t) =
1
L
∑
k
eik·xbµ(k, t),
AM (r, z, t) =
1
LL
1/2
z
∑
k,kz
ei(k·x+kzz)AM (k, kz, t),
(61)
where the normalization was chosen as in [9]. In the gauge A0 = b0 = 0 the Lagrangian for the spatial zero modes
(k = 0, kz = 0) becomes
L =
e2λP
4pi2
b˙2i +
e
pi
1
L
1/2
z
ijA˙ibj +
1
2
A˙2i +
1
2
A˙2z, (62)
where i, j = x, y. Now we integrate out A˙i and get (after dropping the A˙
2
z term)
Leff =
m
2
b˙2i −
K
2
b2i , (63)
where m = e2λP /(2pi
2) and K = e2/(pi2Lz). This is a 2d harmonic oscillator with frequency ω
2 = 2/(λPLz) =
(1/λL)
2(d/Lz). Restoring ~ and c, we get the energy gap for zero-mode solutions
∆E = ~ω =
√
2~c√
λPLz
. (64)
We thus see that for a fixed Perl length λP the gap (64) scales as 1/L
1/2
z . We note that taking a scaling limit, Lz →∞,
λP → 0 with λPLz → const, ∆E, remains finite.
What about finite momentum modes? In a finite T 2 that is embedded in a finite T 3 they are gapped as well. In
particular, the plasmon modes studied in Sec. III have a gap ∆Epl ∼ 1/
√
L if L  λP and ∆Epl ∼ 1/L if L  λP .
In addition, we expect that photons that propagate along z-direction have a gap ∆Eph,z ∼ 1/Lz.3
In summary, for finite Lz all excitations have an energy gap that scales as an inverse power-law of the system size
while for sufficiently large L  λP the four ground states are expected to split only exponentially ∼ exp(−L/λP ).
As a result, the superconducting film studied in this paper is a quasi-topologically ordered phase of matter using the
terminology introduced by Bonderson and Nayak [9].
2. The PQED method
Here we attempt to apply the PQED formalism. We convert the zero-mode Lagrangian (62) (dropping A˙2z term)
to its PQED counterpart by the replacement
1
2
A˙2i → A˙i
1√
∂2t
A˙i. (65)
Using now the two-dimensional normalization for the Fourier transform
bµ(r, t) =
1
L
∑
k
eik·xbµ(k, t),
Aµ(r, t) =
1
L
∑
k
ei(k·x)Aµ(k, t)
(66)
3 To the extent that these photons completely decouple from the superconductor, the state defined by the scaling limit λPLz → const,
would be topologcially ordered in the conventional sense. This limit might not be completely unrealistic if the electromagnetic field is
screened at some finite distance and we consider strongly type II materials where λL is very small.
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and integrating out A˙i gives
LPQEDeff =
e2λP
4pi2
b˙2i −
1
2
e2
pi2
bi
√
∂2t bi. (67)
The last term is non-local and it is not obvious how to solve this quadratic problem. If we ignore possible problems
related to ∂2t being a negative definite operator and take the naive square root
√
∂2t → ∂t, the second term in
Lagrangian becomes a total derivative and can be ignored. Thus we are left with a mass less theory consistent with
taking the large Lz limit of (63) at finite λP . We expect that for a finite Lz the non-local PQED gauge Lagrangian
must be modified, but that is beyond the scope of the present work.
VII. SUMMARY, CONCLUSIONS AND OUTLOOK
In this paper we proposed a non-local version of the Ginzburg-Landau model as an adequate low-energy description
a thin 2d superconducting film. We derived the corresponding effective gauge theory which consists of a non-local
PQED action for the electromagnetic field Aµ, a Maxwell term for the gauge field bµ describing the supercurrent and a
BF term which couples the two gauge fields. Using this effective theory, we derived the interaction potentials between
charges and vortices, the surface plasmon dispersion relation, and the energy of a vortex, and verified that they agree
with earlier results. We also found that the braiding phase for a charge encircling a vortex gives the expected minus
sign, up to power-law corrections.
Thus convinced that the gauge theory gives a proper description of the thin superconducting film, we use it to
determine to what extent this system can be considered as topologically ordered. The immediate answer would be no,
since the plasmon gap vanish. Note however, that keeping a finite transverse size (which might well be the correct thing
to do in a realistic system), the plasmon gap remains and so does the ground state degeneracy. A superconducting
film thus exhibits quasi-topological order in the sense of Bondeson and Nayk [9]. We also studied the quantum vortex
correlation function and showed that its long-distance behaviour is the same as for the 2d abelian Higgs model, and
in particular found that 〈µ〉 = 0 for the vortex creation operator, which satisfies the ’t Hooft algebra with the Wilson
loop. From this we would conclude that a thin superconducting film is in a similar phase as the 2d abelian Higgs
model, which is known to be topologically ordered.
There are several directions in which this work could be extended: At a technical level it is a challenge to carry
out the calculations of the braiding phase for the non-relativistic case. One can also wonder whether the calculation
of the vortex correlation function can be modified to reproduce correctly the logarithmic dependence of the vortex
energy on the correlation length. Conceptually it would be interesting to attempt a dual formulation of the low-energy
effective theory; for a self-dual theory of a somewhat related mixed-dimensional problem, see [36]. Another potentially
interesting direction is to apply the ideas developed here to layered superconductors.
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